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Accurate isotropic Compton profiles J(q,R) for H,(X lI,i) are calculated for 22 internuclear separations 
from the 126 configuration wavefunctions of Liu. These profiles, supplemented by the united atom and 
separated atom profiles, are then rigorously averaged over vibration-rotation wavefunctions computed by 
direct numerical solution of the radial Schrodinger equation using nearly exact potential energy curves 
including adiabatic and relativistic corrections. These averages are performed for a large number of 
vibration-rotation states of H, and the ground vibration-rotation state of D,. It is shown that the effects 
of averaging Compton profiles over vibration-rotation states are significant and cannot be neglected. The 
isotope effect is shown to be smaller than the vibration-rotation effect. The peak of the calculated H, 
Compton profile for the ground vibration-rotation state is found to be in excellent agreement with the 
very recent high energy electron impact measurements of Lee. A number of expansion techniques for 
vibration-rotation averaging, including a new, very simple, and reasonably accurate delta approximation, 
are presented. 
I. INTRODUCTION 
Compton scattering offers a useful approach to the 
study of electron momentum distributions in atomic and 
molecular systems, There is now a rapidly growing 
literature on the subject. A recent book! contains an 
excellent set of review articles on various aspects of 
Compton scattering, 
It is of obvious importance to calculate highly accu-
rate Compton profiles for small systems. Such calcu-
lations provide a reference for experimental work and 
also serve to probe the validity of the theory- in partic-
ular, the impulse approximation (IPA). 
The hydrogen molecule is an excellent system for 
such studies since both accurate theoretical and experi-
mental work is feasible. Unfortunately, a discrepancy 
between theory and experiment has persisted to date. 
Eisenberger2 made experimental x-ray studies of the 
Compton profile of molecular hydrogen in its ground 
electronic state (X!:6;). There was however a subs tan-
alResearch supported in part by the National Research Council 
of Canada. 
blpresent address: Quantum Theory Group, Department of Ap-
plied Mathematics, University of Waterloo, Waterloo, On-
tario N2L 3Gl, Canada. 
tial discrepancy between his results and the calculated 
results of Henneker. 3 The latter reported profiles cal-
culated from a self-consistent-field (SCF) wavefunction 
due to Cade and Wahl4 and a multiconfiguration self-
consistent-field (MCSCF) wavefunction constructed by 
Das and Wahl. 5 The SCF profile was well outside 
Eisenberger's error bounds and the MCSCF profile was 
in even greater disagreement with the experimental re-
sults in the vicinity of the profile peak. Brown and 
Smith6 then computed a profile from a 39 natural-con-
figuration wavefunction built by Liu. 7 This profile gave 
better agreement with Eisenberger's experimental re-
sults than the SCF and Das-Wahl functions. Neverthe-
less, the peak of the Brown- Smith profile was still 1% 
larger than Eisenberger's result which had been esti-
mated to have an experimental error of no more than 
0.7%. 
All the theoretical calculations mentioned above had 
been made from electronic wavefunctions appropriate 
to an internuclear separation R equal to the equilibrium 
one R ~ R. ~ 1. 4 bohr. Ulsh et a l. 8 pointed out the im-
portance of vibrational effects on the Compton profile. 
They made a rough calculation based on the Wang9 elec-
tronic wavefunction, and used a Taylor series expansion 
to estimate the vibrational correction. Their conclu-
sion was that the vibrational correction to the theoreti-
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cal Compton profile raises it by approximately 1% in the 
low-momentum region and thereby increases the dis-
agreement between theory and experiment. The Comp-
ton profile was then remeasured using high energy elec-
tron impact techniques by Ulsh, Wellenstein, and Bon-
ham. 10 Their results were in essential agreement with 
Eisenberger's x-ray work. 2 
Braun-Keller and Epstein ll have recently made anoth-
er study of vibrational effects again using the Wang9 
electronic wavefunction, and harmonic oscillator and 
Morse vibrational wavefunctions. They conclude that 
the vibrational effect on the Compton profile .is much 
smaller than that found by Ulsh et al. 8 and that "it will 
probably not contribute significantly to any discrepancy 
between theory and experiment." However, Whangbo 
et al. 12 have recently shown that the Braun-Keller and 
Epstein parameterization of the Morse potential for H2 
does not properly reflect the anharmonicities of the true 
potential. The latter property of the potential had been 
shown8,12 to be primarily responsible for the vibrational 
contribution to the peak of the Compton profile. Hence, 
Braun-Keller and Epstein's results ll have been con-
sidered 12 to be unreliable. 
Very recently, Lee l3,14 has repeated the electron im-
pact experiments of Ulsh, Wellenstein, and Bonham. 10 
He reports a Compton profile that differs from the 
Eisenberger2 and the Ulsh, Wellenstein, and Bonham lo 
profiles. 
In this paper we compute the Compton profile of H2 
from the 126 configuration wavefunctions of Liu. 15 The 
calculations are made at 22 different values of the in-
ternuclear separation. The resulting profiles J(q, R) 
are then rigorously averaged over vibrational and rota-
tional wavefunctions computed by direct numerical solu-
tion of the radial Schrodinger equation using the nearly 
exact potential curve including adiabatic and relativistic 
corrections that was compiled by Bishop and Shihl6 from 
the calculations of Kolos and Wolniewicz. 17 Our calcu-
lated Compton profile peak for the ground vibrational 
and rotational state of H2 is in excellent agreement with 
Lee's experimental results. 13,14 Thus, the long-standing 
discrepancy between theory and experiment seems to 
have been resolved in part. We also present results for 
D 2 • 
In Sec. II the electronic wavefunctions of Liu, IS the 
calculation of the profiles, and the averaging over the 
vibrational and rotational wavefunctions is described. 
The results are presented in Sec. III. Comparison with 
experiment, analysis of vibrational and rotational ef-
fects' and a development of various expansion techniques 
including a new delta approximation for rough vibration-
rotation averaging are presented in Sec. IV. Section V 
contains summarizing remarks. 
II. METHOD OF CALCULATIONS 
In order to calculate the Compton profile we make the 
usual impulse approximation (IP A). The IP A assumes 
that the binding energy of the electron in the target atom 
or molecule is insignificant in comparison with the en-
ergy imparted to it during the scattering process. With-
in the IPA the isotropic Compton profile is given by 
J(q) =-2
1 J" Io(p)p·ldp, 
1111 
(1) 
where q is the projection of the initial electron momen-
tum p on the scattering vector of the incident particle, 
and Io(p) is the radial momentum distribution. To ob-
tain Io(p) from an electronic wavefunction we use the 
prescription suggested and developed by Benesch and 
Smith.18 Thus, 
• 2. 
Io(p) = 10 sin8d 8 fa dcP p2 p(p I p) , (2) 
p( pip ') = (27T)·3 f e-IN+jp'ry (r I r/)drdr'. (3) 
p(p I p') is the Fourier transform of the spin-traced one-
electron density matrix y(r I r '), which is defined as 
y(rllr~)=N J 1/J(Xl> X 2 , ''', X N) 
X1/J*(X;, X 2 , '00, X) d!;ldX2 ... dX N • (4) 
XI denotes the combined space and spin cordinates of 
the ith electron (rio !;j)' In the case of H2 the electronic 
wavefunctions 1/J(Xl> •• " X N) are parametrically depen-
dent on the internuclear separation R and hence Io(p) and 
J(q) are also parametrically dependent on R. Therefore, 
the notation we use in this paper for the Compton profile 
is J(q, R). Note that1a 
and that J(O) = i(p·l) (R), where (R) denotes that the ex-
pectation values (p"> are parametrically dependent on R. 
The electronic wavefunctions we use are the configura-
tion-interaction (CI) wavefunctions constructed by Liul5 
for 22 different values of R ranging from 0.8 to 8.0 a. u. 
Note that the wavefunction for R =R. = 1. 4 a. u. is dif-
ferent from thaf used by Brown and Smith.6 The one-
particle space for the Liu CI wavefunctions is that 
spanned by an extended basis set of Slater-type functions 
.(STF) centered on the hydrogen nuclei. The basis set 
for each hydrogen atom consists of two sets of s func-
tions (Is, 2s; Is', 2s'), two sets of p functions (2p; 
2p', 3p'), and one set of d functions (3d, 4d). This 
leads to a set of nine a" nine au' five 7Tu ' five 7T" two 
0" and two Ou molecular orbitals (MO) which are ortho-
normal and adapted to D~h symmetry. The wavefunctions 
contain all possible configurations of I~; symmetry that 
can be constructed from these MO's. The total number 
of configurations is 126. Details about the choice of 
exponents for the STF's are given elsewhere. IS Liu l5 
has compared his results in detail with the very accu-
rate Born-Oppenheimer results of Kolos and Wolnie-
wicz. 17 Here we merely note that the deviation of Liu's 
results from the near-exact potential energy curve in-
creases monotonically from 1. 5 x 10.5 a. u. at R = 8.0 
a. u. to 9.1 X 10.4 a. u. at R = O. 9 a. u. The CI potential 
curve is very nearly parallel to the exact one near the 
equilibrium internuclear separation R •. 
The Compton profU,es calculated as described above 
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were then supplemented with the profile at R = 0 a. u. 
(i. e., the 11 S state of He, the united atom) computed by 
Benesch19 from the explicitly correlated wavefunctions 
of Bonham and Kohl, 20 and with the exact nonrelativistic 
separated atom (H+ H) profile given by 
J(q, 00) = 16/[31T(1 +q2P). (6) 
The averaging of J(q,R) over the vibrational and ro-
tational motion was performed as follows: Numerical 
wavefunctions for the vibration-rotation states were 
calculated by direct numerical solution of the radial 
Schrodinger equation for the nuclear motion. The nu-
merical solution was carried out by the Numerov tech-
nique as described by COOley21 and Cashion22 using 1921 
mesh points equally spaced between R = 0.4 and R = 10.0 
a. u. with a step size of 0.005 a. u. The potential curves 
for H2 and D2 used in the radial equation were obtained 
on the above mesh by seven-point Lagrangian interpola-
tion of the 157 data points (between R = 0.4 and R = 10.0 
a. u.) given by Bishop and Shih. 16 The latter authors 
compiled their nearly exact curves from the Born-Op-
penheimer results of Kolos and Wolniewicz (KW)17 and 
the adiabatic and relativistic corrections computed by 
KW.17 The profiles were then averaged by simple nu-
merical integration 
J(q)VJ = (vJ I J(q,R) I vJ), (7) 
where v and J are the vibrational and rotational quantum 
numbers, respectively, and (R I vJ) = rPvJ(R) is the vi-
bration-rotation wavefunction. This integration was 
done with the trapezoidal rule on the same 1921 point 
mesh described above. J(q, R) values were generated on 
this mesh as follows: The available values of J(q,R) at 
the 24 values, including the united-atom and separated-
atom limit, of R were fit to a cubic spline under tension2s 
(tension parameter = 1) approximating R = 00 by R = 500 
a. u. The spline was then used to generate J(q,R) values 
at the same 157 R values at which the Bishop- Shih16 po-
tential curves were given. Finally five-point Lagrangian 
interpolation was used on this 157 point mesh to generate 
a tabulation on the 1921 point mesh. 
III. RESULTS 
The Compton profiles J(q, R) for the 22 R values and a 
range of q values are presented in Table 1. The united 
atom profile J(q, 0) may be found in Benesch's paper. 19 
The separated atom profile J(q, 00) may be trivially cal-
culated from Eq. (6) and is included in Table 1. Within 
the IPA J(q, R) is an even function of q, so only nonnega-
tive values of q are included in the table. Since we are 
working within the Born-Oppenheimer approximation, 
differences between H2 and Dz show up only in the vi-
brationally averaged values. 
The vibrationally and rotationally averaged Compton 
profiles J(q)vJ for Hz are listed in Table II for a range 
of q values and for (v,J)=(O,J), J=O, 1, ..• , 7 and for 
(v,J)=(v,O)v=O, 1, .•. , 14. J(q)ooforD2islistedin 
Table III. 
The computed vibration-rotation energy eigenvalues 
EVJ for the above mentioned (v, J) states are listed in 
Table IV. The data presented in the table have been 
rounded to six decimals. More accurate values are 
available on request. 
Note that all values quoted in this paper are in atomic 
units. Liberal use is made of standard computer nota-
tion as exemplified by 
O. 827852E - 01 = 0.827852 X 10-1 (8) 
IV. DISCUSSION 
Examination of Table I shows a number of interesting 
trends. The profile peak J(O,R) increases monotonically 
from 1. 32 at R = 0.8 to 1. 87 at R = 3.0 a. u. and de-
creases monotonically from 1.868 at R = 3. 5 a. u. to 
1.698 at R = 00. Inverse interpolation shows that the 
maximum of J(O, R) is 1. 8722 at R = 3.275 a. u. J(0.5, 
R) shows different behavior. It is essentially flat from 
R =0.8 to R = 8.0 a. u.; starting from 0.8614 at R =0.8 
a. u., it increases to a local maximum of 0.8864 at R 
= 1. 525 a. u., decreases to a local minimum of 0.8294 
at R =3. 75 a. u., and then increases to 0.8692 at R = 00. 
It should be noted that J(q, 8.0) '" J(q, 00) for all q. 
Comparison of J(q,Re)=(J(q, 1.4) in Table I withJ(q)oo 
in Table II shows that averaging over the ground vibra-
tion-rotation wavefunction raises the profile peak by 
0.95'70. This is in very good agreement with the pre-
diction of Ulsh et al. ,8 and confirms the contention of 
Whangbo et al. 12 that the Braun-Keller and Epsteinll re-
sults are not reliable. It can be seen that the J(q, Re) 
and J(q)oo curves cross 24 at some q value between 0.4 
and O. 5. Table II shows that as the rotational quantum 
number increases for the l' = 0 vibrational state the peak 
of the averaged profile is steadily raised. J(0)03 is 
0.27'70 larger than J(O)oo and J(0)07 is 1. 94% higher than 
J(O)oo. We also see that as l' increases from 0 to 12 for 
the rotationless states J(O)vo increases, and then it de-
creases for l' = 13 and 14. J(0)10 is 1.79% larger than 
J(O)oo, J(0)50 is 8.46% larger than J(O)oo, J(0)90 is 13.6% 
larger than J(O)oo, J(0)12 0 is 15.0% larger than J(O)oo, 
and J(0)14,O is 12.4% larger than J(O)oo. The obvious 
conclusion here is that averaging over the ground vibra-
tion- rotation wavefunction raises the profile peak as 
compared with that at the equilibrium internuclear dis-
tance R.. Further, as one increas es the rotational 
quantum number the averaged profile peak is raised. 
Similarly, the averaged profile peak is raised as the 
vibrational quantum number is increased until the vi-
brational quantum number gets quite large (1' = 12) and 
then starts to decrease. The magnitudes of these shifts 
show that l'ibrational and rotational al'eraging is signifi-
cant and cannot be neglected. The large shifts for high 
vibrational levels show that averaging is very important 
if theory is to be compared with experiment at high 
temperatures. 
Comparison of J(q)oo for H2 (see Table II) and J(q)oo 
for D2 (see Table III) shows that the isotope effect is 
smaller than the effect of vibrational and rotational av-
eraging. The D2 profile peak is O. 27% lower than the Hz 
profile peak in the ground vibration-rotation state. This 
difference seems to be somewhat smaller than present 
day experimental uncertainties (-0.5% at the peak). 1,25 
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Comparison of our computed vibration-rotation eigen-
energies in Table IV with the results of Bishop and 
Shih16 confirms the accuracy of our numerical integra-
tion scheme for the solution of the radial Schrooinger 
equation. 
In Table V we reproduce the average experimental 
profile of Lee. 13,14 It should be noted that his profile 
is not normalized (his (pO) = 1.993 instead of 2). His 
analysis of the experimental techniques and data indi-
cates that his values are most accurate at and near the 
peak. It also indicates that the experimental profile 
should not be renormalized. Comparing his profile with 
J(q)oo of Table II we see that the experimental and theo-
retical profile peaks are in excellent agreement. Lee's 
results are somewhat (- 1%) lower than J(q)oo for small 
values of q away from the peak. The curves cross be-
tween q = 0 . 7 and O. 8 and again between q = O. 8 and O. 9 
Clearly, it would be of great interest if photon scatter-
ing measurements could be repeated for the profile in 
order to see if Eisenberger's x-ray data2 can be brought 
into agreement with Lee's electron-impact data and our 
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TABLE II. Vibrationally and rotationally averaged Compton 
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calculations. Lee13 ,14 has also measured the Compton 
profile of D2 • However, due to the difficulty of obtaining 
D2 he performed only a single experiment at 8 0 • There-
fore, we do not make any detailed comparison with his 
D2 profile. We merely note that no Significant isotope 
shift was observed by Lee. 
We now consider vibrational and rotational averaging 
schemes based upon expansion teclmiques. Suppose that 
a property P(R), for example J(qo,R), where qo is some 
fixed value of q, is expanded in a Taylor series about 
R =R*. Thus, 
(8) 
Now average Eq. (8) over the vibration-rotation state 
I vJ) to obtain 
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TABLE III. The vibrationally averaged 
Compton profile for D2• 
q J(q)oo 
0.0 1. 54257 
O. 1 1. 50578 
0.2 1.40206 
0.3 1.24901 
















(1JJ! P(R)! vJ) = t (fI'P / aRk) R*( vJ! (R - R*)k! vJ)/k! 
k=O 
=p(R*) + (ap/aR)R*( vJ! (R -R*)! vJ) 
+ (a2p / aR2)R*( vJ! (R - R*)2! vJ) /2 + ... 
(9) 
The usual choice for R* is R.-the equilibrium inter-
nuclear separation. 26 Presumably, this choice is made 
in analogy with Dunham's expansion of the potential en-
ergy . 27 Ulsh et al. 8 and Whangbo et al. 12 have shown 
that, in such a case, the linear term must be retained 
TABLE IV. Vibrational and rotational 










































































TABLE V. The average experimental 
Compton profile of H2 taken from the 
work of Lee. 13,14 
q J(q) 
0.0 1.5453 
0.1 1. 4935 


















in order to obtain useful results. However, a better 
choice of R * is possible. Let 
(10) 
Then we see from Eq. (9) that 
( vJ! P(R) ! vJ) = P(RvJ ) + (a 2p / aR 2 )R v J 
x{(vJ!R2 ! vJ) - (vJ!R! vJ)2"}/2+'" 
(11) 
Clearly, the choice of R* given by Eq. (10) forces the 
linear term to vanish. The expansion (11) converges 
faster than the expansion (9) with R* =R.. This is most 
clearly seen from Tables I and II. Note that17 R. = 1.40 
and that Roo = 1. 45 a. u. Compare J(q ,R.) and J(q ,Roo) 
with J(q)oo. Clearly, J(q,R.) differs much more from 
J(q)oo than J(q,Roo) differs from J(q)oo. This shows that 
a very simple way of obtaining a quick and reasonably 
accurate estimate of (vJ! P(R)! vJ) is to truncate the ex-
pansion (11) after the leading term obtaining 
(12) 
We call the approximation (12) the delta approximation 
since it is equivalent to the approximation 
(13a) 
where B(R -RvJ ) is the Dirac delta function. It should 
be noted that this approximation implies the so-called 
"R -centroid" approximation 
(vJ! Rk! vJ) ~ (vJ! R ! vJ)k . (13b) 
More sophisticated expansions than Eq. (8) are also 
possible. Thus, we may write 
P(R) = f: (akp / a;\k)A=O (;\)kjk! , (14) 
k=O 
where;\ is some function of R. Equation (8) is a special 
case of Eq. (14) with 
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;>,(R)=R. (15) 
In analogy with the Simons, Parr, and Finlanz8 expan-
sion of the potential energy we could choose 
>C(R) = (R - R*)/R. (16) 
More generally, as suggested by Thakkar29 we could 
utilize 
>C(R) = sgn(p)[l -R* /R)P l, (17) 
where p is an adjustable and, in general, nonintegral 
parameter and 
sgn(p) = I + 1, p"2 0, 
L 1, p<O. (18) 
Two special cases of Eq. (17) are rather familiar. The 
special case p = -1 gives Eq. (15) apart from a constant, 
and the special case p = + 1 gives precisely Eq. (16). 
Averaging Eq. (14) over I vJ) we obtain 
(VJ!P(R)!VJ)=I: (aRP/a>ckh=o(vJ!(;>,)k!vJ)/kl. (19) 
k=O 
The delta approximation for Eq. (19) is given by 
(vJ! P(R)! vJ) ~P(R*), 




It seems that a study of Thakkar's general expansion 
(14) with >c given by the expression (17) carried out in 
order to determine optimal values of p and R* for vari-
ous properties would be of interest. 30 
Finally, we note that at temperatures at which vibra-
tion-rotation states other than the ground state are sig-
nificantly populated the correct theoretical average of 
the Compton profile is given by 
(J(q»T =L e-EvJlkT(2J+1)J(q)vJ/Q, 
vJ 
where the partition function Q is given by 




In the above k is Boltzmann's constant, T the absolute 
temperature, and (2 J + 1) is the degeneracy of I vJ). 
Note also that for Dz only even values of J occur in Eq 
(22) and (23). 
V. SUMMARIZING REMARKS 
An accurate calculation of the isotropic Compton pro-
files J(q,R) has been presented for the ground state 
(X 1~;) of the hydrogen molecule. The calculated pro-
files have then been rigorously averaged over a large 
number of vibration-rotation states for H2 , and the 
ground vibration-rotation state of Dz• The computed 
profile peak for the ground vibration-rotation state of 
H2 is in excellent agreement with the very recent mea-
surements of Lee. 13,14 It has been shown that vibrational 
and rotational averaging cannot be neglected in theoreti-
cal studies of J(q,R) for Hz and its isotopes. It has also 
been shown that the isotope effect is smaller than the vi-
brational and rotational averaging effect. A variety of 
expansion techniques for such averaging have been pre-
sented. The latter include the very Simple and reason-
ably accurate delta approximation. 
Suggestions for further research include measure-
ment of the Hz Compton profile using photon scattering 
techniques, and a study of Eq. (14) with a view to de-
termining optimal values of p and R* for various properties. 
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